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Abstract

This article presents a new method for non-rigid surface
registration between a surface model and a surface of an
internal organ in a given 3D medical image. The surface
is represented with a set of feature points, of which loca-
tions are represented by a graphical model. For construct-
ing the representation, a set of corresponding points is dis-
tributed on each of training surfaces based on an entropy-
based particle system. From these corresponding points, we
estimate probability densities of the location of each feature
point, the conditional probability distribution of the local
image pattern around each feature point, and the probabil-
ity distributions of relative positions between two neighbor-
ing feature points. When a new image is given, these den-
sities are used for estimating the location of each feature
point by means of a non-parametric belief propagation. The
proposed method can estimate not only the locations of the
feature points but also their conditional marginal distribu-
tions in a given image. Some experimental results obtained
from real X-CT images are presented to show its perfor-
mance.

1. Introduction

It is an important step for automated image analysis to
register a surface model of a target organ with a given 3D
medical image[1][9]. Registering the surface, we can seg-
ment the organ and measure its volume, shape, and other
features.

Accuracy of the registration changes depending on the
image contrasts along the surface and on its shape. For
example, a high-contrast flat part of a surface will be reg-
istered accurately, and a low-contrast complicated part, on
the other hand, will be registered more inaccurate. Estima-
tion of the accuracy crucially increases availability of the
resultant surface obtained by the registration[14]. The con-
tribution of this article is to propose a new point-based sur-
face registration method that can estimate the accuracy of
the registration for each location on the surface.

Surface registration can be roughly partitioned into three

stages[1]: specification of transformation, elaboration of
surface representation and similarity criterion, and match-
ing and optimization. The transformation can be divided
into two classes: rigid one[2] and non-rigid one[3][4]. For
registering organ surfaces, we must employ non-rigid trans-
formation. Here, in order to obtain appropriate results, we
need a transformation model that is specific to a target sur-
face of organ[9]. The proposed method will use a statistical
model of the transformation that will be constructed from a
set of training samples.

There are several methods for surface representation:
for example, implicit ones[6], parametric ones[3], and
primitive-based ones[8][11]. Our method is primitive-based
and represents a surface by using a set of points, which
is distributed on it by using the entropy-based particle
system[5]. We register the surface by estimating the loca-
tion of each of the points, and estimate its accuracy by com-
puting the probability density distribution of the estimated
location.

Many non-rigid registration methods register a surface
by minimizing a cost function J = J(Jd, Jt), where Jd is
a cost denoting the distance between a surface model and
surface candidate points detected from a given image, and
Jt is a cost of the transformation. For example, the active
contour method[3] firstly detects edges as the surface can-
didate points and then registers a contour model with the
edges by minimizing J = Jd + αJt, where Jd is defined as
a sum of squared normal distances between the model and
the edges and Jt is the Mahalanobis distance between the
current model shape and the average one. Here, it should
be noted that the edge detector is designed independently of
the contour representation and that it is not easy to estimate
the accuracy of the location of each detected edge point. In
addition, it is difficult to theoretically determine the value
of the positive coefficient α. Both the accuracy of the edge
detector and the value of α are required to be properly de-
termined for the estimation of the registration.

In many registration methods, the three stages are de-
signed separately and this causes the difficulty of the esti-
mation of the registration accuracy. In this article, a statis-
tical framework that unifies those three stages is proposed:
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A statistical model of the transformation and a detector of
each of the points that represent a target surface are both
constructed simultaneously from a set of training samples,
and the non-parametric belief propagation[13] is used for
the registration and for the estimation of its accuracy.

2. Construction of Surface Model

2.1. Outline

Given a set of training samples of X-CT images, we con-
struct a surface model for some target internal organ. Be-
fore constructing the model, we normalize the shape, size,
and location of bodies in the images. This can be done by
automatically extracting skeletons[10] or other organs[7] as
landmarks. There exist some organs that can be detected
more robustly than the target internal organs. This normal-
ization should be identical to a method that will be used for
registering the constructed surface model to a new medi-
cal image. The error of this normalization will diffuse the
probability distributions of surface models.

Let I = {Ii|i = 1, 2, · · · ,M} denote the set of the
normalized images. From each image Ii, the surface is ex-
tracted manually by an expert. Let Si denote the surface
extracted from Ii. Here, we assume that Si is smooth and
closed. In addition, we assume that, after the image normal-
ization, the shape, the size, and the location of each surface
Si are similar to each other enough for determining the dis-
tributions of corresponding points.

We construct a model surface that consists of N fea-
ture points {Pj |j = 1, 2, · · · , N} as follows. We firstly
distribute a set of N points Pi = {P i

j |j = 1, 2, · · · , N}
on each surface Si. We obtain M sets of points {Pi|i =
1, 2, · · · ,M}. Let Pj ≡ {P i

j |i = 1, 2, · · · ,M} denote a
set of M corresponding points distributed on M surfaces.
Let xi

j denote the 3D coordinates of P i
j and let Ii

j denote a
local image around P i

j in Ii.

We consider the M points of Pj are drawn from p(xj),
where p(xj) is a prior distribution of a feature point Pj .
We estimate p(xj) from Pj . In addition, we estimate the
conditional probability density p(Ij |xj) for each Pj based
on a set {Ii

j |i = 1, 2, · · · ,M}. This density will be used for
computing a likelihood distribution in a newly given image
to estimate the location of Pj .

In addition, we construct a graphical model G with N
nodes {vj}, each of which corresponds to the location of
Pj . Two node vj and vk are linked by an edge ejk if P i

j and
P i

k are close enough in average. If vj and vk are linked by an
edge, then we estimate the probability density p(xk − xj).
This density represents the variety of local deformations of
the surface in a probabilistic framework.

2.2. Distribution of Corresponding Points

For arranging the corresponding points, we employ an
entropy-based method proposed by Cates[5]. In this sub-
section, we briefly explain the entropy-based method.

This method distributes a set of corresponding points on
given surfaces based on their geometry: No image pattern
information is referred to for this distribution. The method
quantifies two geometric features and obtains a distribution
that satisfies those two features: the uniformity of the point
distribution on each surface and the compactness of the
inter-surface distribution of the corresponding points. The
former feature is required for the representation in order to
avoid sparsely distributed regions. The latter feature will
make the prior distribution of each feature point Pj com-
pact.

For the quantification of the uniformity, the points on
each surface Si are considered random variable Xi

j drawn
from a probability density function (PDF) pi(Xi

j). For sim-
plicity, let pi(x) = pi(Xi

j = x). Then, the differential
entropy H[Xi] of the PDF pi(x) is defined as

Hi[Xi] = −
∫

Xi

p(x) log p(x)dx. (1)

Applying Parzen window method, we approximate the PDF
pi(xi

j) on Si as follows:

pi(xi
j) �

1
N(N − 1)

∑
k=1,k �=j

N (xi
j ;x

i
k, σ

2), (2)

where N (x;μ, σ2) is a 3D isotropic normal distribution
with mean μ and variance σ2. From (1) and (2), we obtain

Hi[Xi] �
∑

j

1
N(N − 1)

∑
k �=j

N (xj ;xk, σ
2). (3)

The distribution of points will be computed by means of the
steepest descent method. The gradient of Hi is as follows:

∂Hi

∂xi
j

=
1
σ2

N∑
k=1,k �=j

(xj − xk)wjk, (4)

where
∑

k wjk = 1. This means that a repulsive force is
generated between two points on Si whenHi is maximized.

For the quantification of the compactness, the a set of
N points on each surface is considered random variable Z
drawn from a normal distribution. Let z denote a realization
of Z and let zi = [xi�

1 xi�
2 · · ·xi�

N ]� denote a 3N -vector
that represents the set of N points {P i

j} (j = 1, 2, · · · , N )
distributed on Si. Assuming each set zi is drawn from a
normal distribution, we can quantify the compactness or
similarity of the distribution among the surfaces using the



covariance Σ of the normal distribution. The entropy is
given by

H[Z] � 1
2

log |Σ| = 1
2

3N∑
l=1

log λl, (5)

where λl is the eigenvector of Σ. Let Y = [z1 − z̄z2 −
z̄ · · · zM − z̄] denote a 3N ×M matrix of deviations, where
z̄ is the average of {zi}. Then we can estimate the entropy
as follows:

H[Z] � 1
2

∣∣∣∣ 1
M − 1

Y �Y
∣∣∣∣ . (6)

Denoting an identity matrix I , we obtain the gradient of
H[Z] as

∂H

∂z
= −Y (Y �Y + αI)−1, (7)

where α is a regularization on the inverse of Y �Y . The
negative of the gradient (7) updates the entire system to im-
prove the compactness.

The entropy-based method minimizes the following cost
function Q to distribute corresponding points on all given
surfaces.

Q(xi
j) = H[Z]−

M∑
i=1

Hi[Xi]. (8)

We minimizeQ by means of the steepest descent method as

xi
j ← xi

j − γ
(
∂H

∂xi
j

− ∂Hi

∂xi
j

)
, (9)

where γ is a time step. As shown in (4), in general, the
gradient gi

j = ∂Q/∂xi
j is not included in the tangent space

of Si. As the result, xi
j − γgi

j becomes out of the surface
Si. To compensate this, we project the point xi

j − γgi
j to

the nearest point on Si. For computing this projection ef-
fectively, the surface Si is represented by a level set of its
distance function.

2.3. Estimation of Probabilistic Distribution

We construct a graph with N nodes {vj |j =
1, 2, · · · , N}, each of which corresponds to Pj . Let di

jk

denote the distance between P i
j and P i

k. For computing ef-
ficiency, we employ the Euclidean distance for di

ij . Let d̄jk

denote the average of {di
jk} for i = 1, 2, · · · ,M . Con-

necting vj and vk by an edge ejk if d̄jk < d0, we obtain
a graph G that represents neighbors for each feature point.
Let E denote a set of edges djk that satisfy d̄ij < d0. Here,
the threshold d0 is experimentally determined. Based onM
graphs {Gi} and M images Ii, we estimate following three
probabilistic distributions.

1. The prior probability distribution p(xj) of the location
xj of i-th feature point Pj .

2. The conditional probability distribution p(Ij |xj) of the
local image pattern Ij under the condition that the lo-
cation xj is given.

3. The probability distribution p(xj − xk) of the relative
position between Pj and Pk.

We assume that p(xj) is a normal distribution and
{P 1

j , P
2
j , · · · , PM

j } are randomly drawn from p(xj). We
estimate the mean and the variance of the normal distri-
bution based on {x1

j , x
2
j , · · · , xM

j }. The requirement of
the compactness described in previous subsection decreases
this variance.

The probability p(Ij |xj) is used for detecting each fea-
ture point Pj from a given image. Here, Ij denotes a local
small image whose size is L × L × L and its center is at
xj . We assume that p(Ij |xj) obeys a normal distribution.
We estimate its mean Īj and covariance Σj based on {P i

j}
(i = 1, 2, · · · ,M ).

p(Ij |xj) = N (Ij ; Īj ,Σj), (10)

where N (I;μ,Σ) denotes a L3 dimensional normal distri-
bution with the average μ and the covariance Σ.

We estimate p(xj − xk) only when the feature points Pj

and Pk are connected with an edge in the graph. We assume
that p(xj − xk) obeys a normal distribution whose mean is
x̄kj and its covariance is Σkj .

p(xj − xk) = N (xj ; x̄kj ,Σkj) (11)

The mean and the covariance are estimated based on M
samples xi

j − xi
k (i = 1, 2, · · · ,M) where ejk ∈ E . This

probability density p(xj − xk) denotes the variety of the
local shape change around Pk.

3. Registration of Surface Model

Given a new normalized medical image I , we register
the surface model to the image by estimating the conditional
marginal distribution p(xi|I) by means of a non-parametric
belief propagation (NBP). Based on the surface model, we
can quantify a joint probability distribution p({xi}, {Ii}) in
terms of potential functions as follows:

p({xi}, {Ii}) ∝
∏

i

ψi(xi, Ii)
∏

eij∈E
ψi,j(xi, xj), (12)

where ψi(·, ·) and ψi,j(·, ·) are single-node potentials and
pairwise ones, respectively. Here, these potentials are de-
fined as follows:

ψi(xi, Ii) = p(xi)p(Ii|xi), ψi,j(xi, xj) = p(xi − xj).
(13)



The NBP algorithm iteratively updates the inference of
the marginal distribution p(xi|I) at each node vi. Let
p̂n(xi|I) denote the inference at iteration n. Each node vi

computes p̂n by multiplying its single-node potential with
messages mn

ki sent from its neighbor nodes vk as follows:

p̂n(xi|I) ∝ ψi(xi, Ii)
∏

eki∈E
mn

ki(xi), (14)

where

mn
ki(xi) ∝

∫
xk

ψi,k(xi, xk)
p̂n−1(xk)

mn−1
ik (xk)

dxk. (15)

Given a new image I , we can compute the likelihood
p(Ii|xi) at each voxel based on (10). The distributions of
the likelihood is in general hard to represent parametrically.
This is the reason why we employ non-parametric method
for the estimation. As proposed by Sudderth[13], we rep-
resent the messages mki(xi) and the single-node potentials
ψi(xi) by Gaussian mixture models. For example, the mes-
sages mki(xi) are defined by W components of Gaussian
distributions as follows:

mki =
W∑

α=1

w
(α)
ki N (xi;μ

(α)
ki ,Σi), (16)

where α denotes the number of the Gaussian component,
w

(α)
ki denotes its weight, and μ(α)

ki denotes its mean. Each
of these Gaussian components is represented by a particle
defined by {w(α)

ki , μ
(α)
ki ,Σ}.

When a node vi receives a set of messages mn
ki from its

neighbor nodes vk (eki ∈ E), the node vi computes the right
hand side of (14) and estimates p̂n(xi|I). For the compu-
tation of the product of several Gaussian mixtures, a Gibbs
sampler is employed.

Let {w(α)
i , μ

(α)
i ,Σ} denote particles (α = 1, 2, · · · ,W )

that represent p̂n(xi|I). In other words, assume that
p̂n(xi|I) is represented as follows:

p̂n(xi|I) =
W∑

α=1

w
(α)
i N (xi;μ

(α)
i ,Σi). (17)

Then, we can compute messages mij based on the particles

{w(α)
i , μ

(α)
i ,Σ} and p(xj − xi) in (11). We first move each

particle as

μ
(α)
ij = μ

(α)
i + ν(α), (18)

where ν(α) is a random noise that obeys the normal distri-
bution N (·; x̄ij ,Σij) in (11). Each of the particles is then

weighted by the reminder (15): w(α)
ij = w

(α)
i /mji(μ

(α)
i ).

The registration algorithm is summarized as follows.

Feature Point Detection The likelihood distribution for
each feature point Pi is computed based on (10).

1. Normalize a given image based on the shape of
the body and obtain I .

2. Compute the likelihood distribution p(Ii|xi) for
each feature point Pi using (10).

3. Compute the joint probability distribution
p(xi, Ii) for each Pi by computing p(xi)p(Ii|xi).

Initialization for NBP Initial values for computing NBP
are set.

1. Draw W particles from p̂0
i = p(xi, Ii) to deter-

mine μ(α)
i .

2. Initialize w(α)
i ≡ 1/W and mij ≡ 1 for all i and

j. Set Σi for particles by means of the rule of
thumb estimate[12].

Non-parametric belief propagation The marginal distri-
butions p̂(xi|I) is repeatedly updated.

1. Compute mn+1
ij (xj) from mn

ji and p̂n(xi) using
(15).

2. Compute p̂n+1(xi|I) using (14).

3. Iterate until converged.

4. Experimental Results

We applied the proposed method for registering surfaces
of aortic arches in given whole-body non-contrasted X-
CT images. Automatic registration of aortic arches is re-
quired for, e.g., automatically locating para-aortic lymph
nodes in given X-CT images. When given images are not
contrasted, it is not easy to register aortic arches: if non-
contrasted, many false contours are detected near the true
ones, and some true contours are missing. Model registra-
tion is needed to detect aortic walls accurately. We used
a set of M = 15 non-contrasted X-CT images, of which
resolution is 0.98mm × 0.98mm × 4.25mm.

4.1. Normalization of Shape of Body

For constructing a surface model of aortic arch, we au-
tomatically normalized the shape of bodies in the images.
For this normalization, we firstly detected all ribs in images
and computed their convex hulls. In addition, we detected
bronchial bifurcations as landmarks because the aorta runs
around the bronchial bifurcation. The spline transformation
was used to normalize the shape, size and location of the
convex hull and to move the bronchial bifurcation to a pre-
determined position. Some examples of this normalization
are shown in Fig.1. As shown in Fig.1, the shapes of the
chests were normalized.



Original Images Normalized Images

Figure 1. Examples of the Normalization. Left: Given images.
Right: Normalized images.
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Figure 2. An example of the feature points distribution

4.2. Distribution of Corresponding Points

From the set of these normalized images, an expert man-
ually extracted the surfaces of aortic walls and obtained
{Si|i = 1, 2, · · · , 15} Given M = 15 surfaces {Si}
(i = 1, 2, · · · ,M), we distributed N = 100 points on each
surface. Figure 2 shows an example of the feature points
distribution on a surface. This distribution was obtained by
iteratively minimizing Q in (8).

Some examples of the inter-surface distributions of M
points in Pj are shown in Fig.3(A). Each set Pj is indicated
by its color. As described in subsection 2.3, the prior dis-
tribution of a feature point Pj in a given normalized image
I is estimated based on Pj . Based on the resultant MN
points {P i

j |i = 1, 2, · · · ,M ; j = 1, 2, · · · , N}, we esti-
mated p(xj), p(Ij |xj), and p(xk − xj) as described in sub-
sec 2.3. In addition, we construct a graphical modelG. Fig-
ure 3(B) shows a mesh of feature points, in which any two
dependent points are linked by edges.
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Figure 3. (A):Distributions of Pj . From these points, p(xj) and
p(xj − xk) are estimated. (B):A mesh of feature points. Two fea-
ture points are linked by an edge if they are linked in the graphical
model.

.

4.3. Registration of Surface Model

The first step of the registration is to estimate the location
of each feature point Pi in a given normalized image. For
this estimation we compute the distribution p(xi)p(Ii|xi).
In this article, n order to compare locations of feature points,
we show experimental results obtained from closed dataset.
Figure 4 (A) shows the locations of two of the feature points
P i

j , and (B) shows the corresponding prior distributions
of p(xi). The likelihood distribution of each point esti-
mated based on (10) is shown in Fig.4 (C). It should be
noted that the distribution of p(xi) is more compact than
that of p(Ii|xi) because we did not consider the similari-
ties of the local images Ii

j for i = 1, 2, · · · ,M in spite that
we required the compactness of the corresponding points.
The joint (or posterior) distribution is shown in Fig.4 (D).
When the local image pattern has strong characteristics, e.g.
the corresponding feature point Pj is located on a strong
edge at high probability, then the density distribution of



(A)

(B)

(C)

(D)

Figure 4. Two experimental results of the feature point detec-
tion. The images in each column shows the results obtained
from an identical image. (A):Original image and (unknown)
true location of feature point. The feature point shown in the
right image is located on a strong edge. (B):Prior distribution
p(xi). (C):Likelihood distribution p(Ii|xi). (D): Joint distribu-
tion p(xi, Ii).

p(xi)p(Ii|xi) becomes localized. As shown in Fig.4 (D), it
was hard to represent parametrically the joint distributions.

Because we have probabilistic models p(xj − xk) that
represent the local shape of the surface, we can improve
the estimates of the locations of feature points. We drew
W = 1, 000 particles from p(xi)p(xi, Ii) and estimated
p(xi|I) by means of the NBP. Figure 5 shows p(xi)p(Ii|xi)
and p(xi|I) each of which is represented by the particles.
The latter was obtained by the NBP. As shown in the fig-
ure, the particles gathered around the correct positions and
the variances decreased. We computed the trace of the co-
variance matrix for the distribution of each feature point.
For each surface, we obtained N = 100 values of the trace
for each surface. Averaging those N values, we obtained
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Figure 5. An example of the registration. Left: The initial dis-
tributions p(xi, Ii). Right: Resultant distributions p(xi|I); Each
cloud of particles represents the conditional marginal distribution
of each feature point.

the variance for each surface. The graphs in Fig.6 show the
change of the variances with respect to the iteration in the
NBP. As we can see, all of the M = 15 graphs decreased
monotonically as the densities were updated.

Figure 7 shows a detailed example of the results of the
NBP. The indicated slice images include the true position of
the feature point. The images shown in Fig.7 (A) and (B)
show the initial distributions of the particles, and (C) and
(D) show the final distributions obtained by the NBP from
(A) and (B), respectively. It should be noted that the vari-
ances of the distributions became smaller. This means that
the confidences of the estimates were improved. The vari-
ance of the estimated distribution shown in (D) is smaller
than that in (C), because the contrast of the edge is low
around the feature point in (C). It is one of the advantages of
the proposed method the confidence of the location of each
feature point can be estimated for each feature point.
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Figure 6. The change of the variance of feature points. The itera-
tive updates in the NBP improved the confidence of the estimates.

(A) (B)

(C) (D)

Figure 7. Improvement of the confidence of the estimates. (C) and
(D) were obtained by the NBP from (A) and (B), respectively. The
particles in (A) and (C) are indicated by blue dots, and those in (B)
and (D) by yellow ones.

5. Conclusion

In this article, we proposed a feature-point-based non-
rigid surface registration method. We represent a surface
model using a graph of feature points P (xi) and the prob-
ability densities p(xi), p(Ii|xi), and p(xi − xj). For con-
structing the representation, we distribute N corresponding
points on each of the training surfaces based on the entropy-
based particle system. We register the surface model with
a new given image by estimating the locations of the fea-
ture points. For this estimation, we employed the non-
parametric belief propagation. One of the advantages of

our method is that we can estimate not only the locations of
feature points but also their probability distributions in the
image. The future works include to evaluate concordance
rate using open data and to analyze the effect of the error
of the body shape normalization. It is known that the accu-
racy of estimates obtained by a belief propagation depends
on the structure of the graphical model. The algorithm for
inserting edges in the graph G has room for improvement.
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